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continuously increasing complexity of models in many of
today’s Bayesian applications. For example, topic models
commonly use large text databases for inference [3], while
gene-based classification problems have dimensions in the
order of thousands [2]. This makes the evaluation of the
probability distribution function (necessary in each MCMC
step) is extremely expensive. 2) The computational overheads of sophisticated, parallel MCMC methods [1]. 3) The
fact that multiple independent MCMC runs are performed in
most settings to confirm convergence and approximate the
variance of the estimates, thus multiplying runtimes [2].
FPGAs have proven to be a suitable platform for MCMC
acceleration, due to their capability to implement massively
parallel circuits. [4], [5]. An important advantage of these
devices is their flexibility to operate in any custom arithmetic
precision format. Instead of implementing operators in double floating-point, which is the default approach in MCMC
applications, reduced precisions can be used, making operators cheaper and allowing for more parallelism. At the same
time though, more error is introduced in calculations.
This paper proposes the use of custom floating point precision to compute the probability distribution function inside
MCMC (the most resource-expensive part of the algorithm),
in order to increase the FPGA sampler’s throughput, and
introduces an automated method to minimize this precision
while probabilistically guaranteeing a user-specified error
(bias) threshold. The main contributions of this work are:
1) The introduction of an efficient estimator of the bias
that appears in the output estimate of MCMC as a result of
implementing the probability distribution function in custom
precision (Section III). The estimator is able to produce
an accurate bias estimate using only few MCMC samples
(compared to the ones needed for the output estimate).
2) A precision optimization method for FPGA-mapped
MCMC samplers, which exploits the proposed estimator
and the reconfigurable property of FPGAs to automatically
choose a minimized precision from within a pre-defined set
of precision configurations, while satisfying the user’s bias
tolerance requirements (Section IV). Due to the stochasticity
of MCMC, the output estimate is always approximated
within some standard deviation. Given a specific output
estimate, a target standard deviation, a tolerable bias and
a few other user parameters, the method can find the lowest

Abstract—Markov Chain Monte Carlo (MCMC) is an ubiquitous stochastic method, used to draw random samples from
arbitrary probability distributions, such as the ones encountered in Bayesian inference. MCMC often requires forbiddingly
long runtimes to give a representative sample in problems with
high dimensions and large-scale data. Field-Programmable
Gate Arrays (FPGAs) have proven to be a suitable platform
for MCMC acceleration due to their ability to support massive
parallelism. This paper introduces an automated method,
which minimizes the floating point precision of the most computationally intensive part of an FPGA-mapped MCMC sampler,
while keeping the precision-related bias in the output within
a user-specified tolerance. The method is based on an efficient
bias estimator, proposed here, which is able to estimate the bias
in the output with only few random samples. The optimization
process involves FPGA pre-runs, which estimate the bias and
choose the optimized precision. This precision is then used
to reconfigure the FPGA for the final, long MCMC run,
allowing for higher sampling throughputs. The process requires
no user intervention. The method is tested on two Bayesian
inference case studies: Mixture models and neural network
regression. The achieved speedups over double-precision FPGA
designs were 3.5x-5x (including the optimization overhead).
Comparisons with a sequential CPU and a GPGPU showed
speedups of 223x-446x and 16x-18x respectively.

I. I NTRODUCTION
MCMC is a family of Monte Carlo methods designed to
draw samples from a given, arbitrary probability distribution.
The samples are used to estimate quantities related to the
probability distribution. This is a fundamental task in many
statistical applications, e.g. in Bayesian inference where the
posterior distribution of an unknown quantity, given known
data, is sampled [1]. MCMC’s universality and efficiency
has allowed statisticians to solve extremely complicated
Bayesian probabilistic models, previously considered intractable, practically revolutionizing Bayesian statistics. Today, MCMC is used in a range of statistical applications,
including machine learning, population genetics, phylogenetics, ecology, computational physics and others [1]–[4].
Despite their success, MCMC samplers are often not as
fast as modern demanding applications require. Runtimes
can easily reach weeks or months [2]–[4], forcing practitioners to accept more variance in the results or use a
simpler model. The high computational load is due to:
1) The massive size and dimensionality of data and the
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MCMC works sequentially by constructing a Markov
chain, with each state of the chain corresponding to a new
random sample from 𝑝(x). Figure 1 illustrates a simple
MCMC algorithm sampling a 2-D Gaussian distribution.
The transitions between successive states are visible. The
algorithm consist of two parts: 1) The evaluation of the
probability of each new sample according to 𝑝(x), which
is specific to the target distribution, 2) The generic operations, which mainly include proposing samples and accepting/rejecting them according to their probability value
[1]. The probability evaluation takes up the bulk of the
computation time, especially when complex models and
large-scale data are employed. Moreover, advanced MCMC
methods, like the ones that use multiple Markov chains,
require many 𝑝(x) evaluations for each sample [1]. The
generic MCMC operations are much less computationally
demanding and are outside the scope of this paper.
FPGA-mapped MCMC samplers contain a hardware
block for the generic MCMC operations and one or more
blocks which implement 𝑝(x) (see [4], [6]). Because 𝑝(x) is
the bottleneck computation, sampling throughput increases
when more 𝑝(x) blocks are instantiated. This work focuses
on how to minimize the cost of implementing these 𝑝(x)
blocks by automatically optimizing the employed precision.
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Figure 1. Metropolis MCMC drawing samples from a bivariate Gaussian
with mean (5,5). Only few samples are needed for convergence.

precision whose bias is within tolerance (with a certain
probability), trading off output accuracy for resource savings
(and thus speedup). The process involves pre-runs on the
FPGA to estimate the bias of each precision and choose the
optimized one for the final, long FPGA run. The pre-runs
add only a small overhead due to the efficiency of the bias
estimator and the use of a termination criterion. The method
is automated, can tailor the precision to user requirements
and can be applied to any MCMC algorithm.
The proposed methodology is evaluated using two
Bayesian inference problems (Section VI). Results show that
the optimized-precision designs are 3.57x-5.02x faster than
double-precision FPGA designs (including the optimization
overhead), depending on the type of estimate and the
user parameters. Performance gains over double-precision,
sequential CPU implementations and an existing singleprecision GPGPU implementation are 223x-446x and up to
18x respectively.

B. Related work
FPGAs have been used to accelerate computationally
expensive MCMC methods in many problems, e.g. phylogenetics [4] and Bayesian network inference [5], with
speedups of up to two orders of magnitude over software.
Nevertheless, these works focus on specific applications
and/or MCMC methods (not the general MCMC case) and
none of them has tackled the issue of precision optimization.
For Monte Carlo methods other than MCMC, [7] and [8]
have proposed precision optimization techniques based on
performing runs in different precisions. [7] use an auxiliary
mixed-precision run to estimate and correct the bias in the
output. The work presented here does not remove the bias.
Based on the assumption that a known standard deviation
in the output is targeted, it permits the introduction of bias
if it is significantly smaller than this standard deviation (according to user specifications), allowing for more aggressive
accuracy/performance trade-offs. Moreover, in [7], the bias
is related to the implementation of 𝑓 (x) in (1) (and not
of 𝑝(x), as in MCMC) in reduced precision, leading to
a different form of bias estimator. In [8], high- and lowprecision runs are compared using the Kolmogorov-Smirnoff
metric and the precision is adapted so that a threshold is not
violated. Placing such a threshold is empirical and does not
constrain the bias, in contrast to the method presented here.
The only previous work on optimizing MCMC precision
is [6], where population-based MCMC methods are targeted.
It is shown that reducing precision in parts of the system has
no effect in sampling quality. Nevertheless, this can only be

II. BACKGROUND
A. Markov Chain Monte Carlo
The typical problem that MCMC aims to solve is the
estimation of the integral:
∫
𝐼 = 𝐸𝑝 [𝑓 (x)] = 𝑓 (x)𝑝(x)dx
(1)

where x is a random vector, 𝑝(x) is the probability distribution of x, 𝑓 (x) is a function of interest (e.g. mean, moment)
and 𝐸𝑝 [𝑓 (x)] denotes the expectation of 𝑓 (x) when x is
distributed according to 𝑝(x). MCMC solves the problem
stochastically. It draws samples x(𝑖) , 𝑖 ∈ {1, ..., 𝑁 } from
𝑝(x) (i.e. the target distribution) and uses them to evaluate:
𝐼˜ =

1
𝑁

𝑁
∑

𝑖=1

𝑓 (x(𝑖) ) ≈ 𝐼

(2)

which is an unbiased estimator of the integral (1). (2) is
called the output estimate. The proposed method performs
optimization for a specific output estimate, i.e. specific 𝑝(x)
and 𝑓 (x), given by the user.
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applied MCMC methods that use multiple parallel chains.
The method presented here is not limited by the internal
structure of the employed MCMC algorithm.

5

Output estimate

III. P ROPOSED BIAS ESTIMATOR
This section proposes an efficient estimator of the bias
in the MCMC output when the probability distribution is
evaluated in custom precision. Section IV uses this estimator
to develop an automated precision optimization method.

(3)

𝑓 (x(𝑖) ) ≈ 𝐼𝑐

(5)

where x(𝑖) , 𝑖 ∈ {1, ..., 𝑁 } are samples drawn from 𝑝𝑐 (x).
The variance of this estimator 𝜎𝐼2˜ is found in the same way
𝑐
as the variance of the double-precision estimator (3).
C. Bias estimator
The value
𝑏𝑐 = 𝐼 − 𝐼 𝑐 =

∫

𝑓 (x)𝑝(x)dx −

∫

𝑓 (x)𝑝𝑐 (x)dx

30

40

50

60

𝐼˜𝑐

The value of the custom-precision output estimator is:

𝑖=1
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2
of Section V. 𝜎𝑠𝑡𝑟
is around two times larger than 𝜎𝐼2˜ .
𝑐
Optimizing the precision with this method would require
a long MCMC run for each precision to estimate the bias
with sufficient accuracy, making the total runtime larger than
the time for a double-precision run (the default choice).
Here, a more efficient bias estimator is proposed. It
achieves much smaller variance, allowing for precision optimization using short pre-runs. The bias is rewritten as:
∫
∫
𝑏𝑐 = 𝑓 (x)𝑝(x)dx − 𝑓 (x)𝑝𝑐 (x)dx
∫
∫
𝑐 (x)
= 𝑓 (x)(𝑝(x) − 𝑝𝑐 (x))dx = 𝑓 (x) 𝑝(x)−𝑝
𝑝𝑐 (x)dx
𝑝𝑐 (x)
∫
∫
𝑝(x)
= 𝑓 (x)( 𝑝𝑐 (x) − 1)𝑝𝑐 (x)dx = 𝑓 (x)(𝑤𝑐 (x) − 1)𝑝𝑐 (x)dx
∫
= 𝑓𝑏𝑐 (x)𝑝𝑐 (x)dx = 𝐸𝑝𝑐 [𝑓𝑏𝑐 (x)]
(7)
and
𝑓
(x)
=
𝑓
(x)(𝑤
(x)
−
1).
The
where 𝑤𝑐 (x) = 𝑝𝑝(x)
𝑏
𝑐
𝑐
𝑐 (x)
weight 𝑤𝑐 (x(𝑖) ) is the ratio of the probability of sample x(𝑖)
computed using double and custom precision. The proposed
bias estimator approximates the integral in the last line of
(7) by taking MCMC samples from 𝑝𝑐 (x) (similar to (5)):

When custom floating point precision is used to compute
𝑝(x), MCMC samples are distributed according to 𝑝𝑐 (x),
where 𝑐 = (𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡 𝑏𝑖𝑡𝑠, 𝑚𝑎𝑛𝑡𝑖𝑠𝑠𝑎 𝑏𝑖𝑡𝑠) is the precision
configuration used. All custom precisions in this paper are
lower than double precision and use 8 exponent bits. The
approximated integral is no longer (1), but:
∫
𝐼𝑐 = 𝐸𝑝𝑐 [𝑓 (𝑥)] = 𝑓 (x)𝑝𝑐 (x)dx
(4)
𝑁
∑

10

Estimating 𝑏𝑐 based on (6) would require two separate
MCMC runs, targeting 𝑝(x) and 𝑝𝑐 (x), to estimate the two
2
of this
integrals and then subtract them. The variance 𝜎𝑠𝑡𝑟
straightforward bias estimator would be equal to the sum of
2
= 𝜎𝐼2˜ +𝜎𝐼2˜ . Thus, this bias
the two estimates’ variances 𝜎𝑠𝑡𝑟
𝑐
estimator has a larger variance than any of the two output
estimators for an equal number of samples. Figure 3 shows
𝜎2
for all precisions for one of the examples
the ratio 𝜎𝑠𝑡𝑟
2

B. Custom precision output estimator

1
𝑁

bias

1

Figure 2. Double- and custom-precision (𝑐 = (8, 7)) sampling for the
same output estimate. The error bars are equal to two times the standard
deviation of the estimate (±2 ∗ 𝜎𝐼˜).

where 𝜎𝑓2 is the variance of the function of interest 𝑓 (x)
under 𝑝(x) (constant for fixed 𝑓 (x) and 𝑝(x) but unknown).

𝐼˜𝑐 =

2

−1
0

When 𝑝(x) is evaluated in infinite precision, samples are
distributed according to the true distribution and the output
estimate (2) converges to the true value (1) for 𝑁 → ∞.
In this paper, infinite precision is considered equivalent to
double floating-point precision. This is the precision used
in the majority of MCMC implementations and is generally
considered adequate. For finite 𝑁 , (2) differs from (1) by
some Normal-distributed random number with mean zero
and variance 𝜎𝐼2˜, called the variance of the output estimate:
𝜎𝑓2
𝑁

3

0

A. Infinite (double) precision output estimator

𝜎𝐼2˜ =

Custom precision (8,7)
Double precision (11,52)

4

˜𝑏𝑐 =

(6)

1
𝑁

𝑁
∑

𝑖=1

𝑓𝑏𝑐 (x(𝑖) ) ≈ 𝑏𝑐

(8)

only now it is also necessary to compute the probability of
each sample in double precision (𝑝(x(𝑖) )) to get the weights.
Moreover, in Bayesian inference, the distributions 𝑝(x) and
𝑝𝑐 (x) are usually known only up to a normalizing constant:

is the bias in the estimate due to the use of custom precision. This quantity needs to be approximated to optimize
precision. Figure 2 shows a double- and a custom-precision
estimator for the same 𝑓 (x). The bias is visible near the end
of the runs. Standard deviations are also visible. The bias is
independent of the estimator’s standard deviation and cannot
be avoided when sampling with reduced precision.

𝑝(x) =
𝑝𝑐 (x) =
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𝑝𝑢 (x)
𝐶𝑝

(9)

𝑝𝑢
𝑐 (x)

(10)

𝐶 𝑝𝑐

where only the unnormalized densities 𝑝𝑢 (x) and 𝑝𝑢𝑐 (x) can
be evaluated. This means that the weights
𝑝𝑢 (x)
𝑝𝑢
𝑐 (x)

1

𝐶𝑝
𝐶 𝑝𝑐

= 𝑤𝑐𝑢 (x)

1

Variance ratio

𝑤𝑐 (x) =

5

10

(11)

𝐶𝑝
𝐶 𝑝𝑐

cannot be evaluated exactly. The unknown ratio of constants
𝐶𝑝
𝐶𝑝𝑐 is estimated by the mean of the unnormalized weights
𝑤𝑐𝑢 (x) as shown in (12). Since 𝑝(x) is a probability density:
∫
∫
𝑝(x)𝑑x = 1 ⇔ 𝑝𝑝(x)
𝑝𝑐 (x)𝑑x = 1 ⇔
𝑐 (x)
𝑢
∫ 𝑝 𝐶(x)
(12)
𝐶
𝑝
𝑝𝑐 (x)𝑑x = 1 ⇔ 𝐸𝑝𝑐 [𝑤𝑐𝑢 (x)] = 𝐶𝑝𝑝
𝑝𝑢
𝑐 (x)

𝑐

𝜎𝑓2

of Section V. Figure 3 shows the ratio

Ĩc

5

10

Ratios

2
𝜎˜
𝑏𝑐
𝜎 2˜
𝐼𝑐

15

and

20

25

30

Mantissa bits

2
𝜎𝑠𝑡𝑟
𝜎 2˜

35

40

for various mantissa bit configurations

𝐼𝑐

𝑏𝑐

𝐼𝑐

2 ) is always larger than 𝜎 2 .
straightforward estimator’s variance (𝜎𝑠𝑡𝑟
˜
𝐼𝑐

4

7

x 10

Bias function fbc (x)

6

Nbr. samples

Function of interest f (x)

5
4
3
2
1
0
−4

−2

0

2

x

4

6

8

Figure 4. Histograms of 𝑓 (x) and 𝑓𝑏𝑐 (x) for the mean estimator under
𝑝𝑐 (x) with 𝑐 = (8, 13), where 𝑝𝑐 (x) is a Gaussian mixture distribution
(Section V). The variance of 𝑓 (x) is significantly larger.

for different

precisions 𝑐, where 𝑁 = 10 for both estimators. 𝜎˜𝑏2 is
𝑐
orders of magnitude smaller than 𝜎𝐼2˜ for any configuration
𝑐
with more than 9-10 mantissa bits. Therefore, for these
precisions, the bias estimator (8) needs much fewer samples
than the custom-precision output estimator (5) to achieve
the same variance. This property is crucial for the proposed
method. It means that, using the proposed bias estimator,
it is possible to perform short MCMC pre-runs for a set
of candidate precisions to estimate the biases for a given
output estimate, without posing a large overhead to the final
run (which estimates (4)). Figure 3 also depicts the ratio
2
𝜎𝑠𝑡𝑟
(straightforward estimator), which is always above 1.
𝜎2
6

10

smaller than that of the output estimator (𝜎 2˜ ) for most precisions. The

Because the weights take values close to one (unless
𝑐 is very low), the function 𝑓𝑏𝑐 (x) = 𝑓 (x)(𝑤𝑐 (x) − 1)
takes much smaller values than 𝑓 (x) and has a smaller
variance when x ∼ 𝑝𝑐 (x). Figure 4 illustrates this by
comparing the histograms of 𝑓 (x) = x (mean estimate)
and 𝑓𝑏𝑐 (x) = x(𝑤𝑐 (x) − 1) under the same distribution
𝑝𝑐 (x) (𝑐 = (8, 13)), taken from one of the case studies
𝑐
𝜎 2˜
𝐼𝑐

2
σstr
σ2

−10

(exponents bits=8). 𝑝𝑐 (x) is a Gaussian mixture distribution (Section V)
and 𝑓 (x) is the mean estimator. 𝑁 = 106 samples are used for all
estimators. The proposed estimator’s variance (𝜎˜2 ) is orders of magnitude

D. Variance: Proposed bias estimator vs. Straightforward
bias estimator vs. Custom precision output estimator

𝜎˜𝑏2

Ĩc

Figure 3.

(13)

𝑏𝑐

𝑁

c

σ2

10

−15

The mean of the weights is computed at the end of the run
and used to normalize the weights by dividing each weight
with it. This makes the estimator (8) converge to the true
bias. The variance of (8) is found in the same way as the
previous variances, substituting 𝑓𝑏𝑐 for 𝑓 :
𝜎˜𝑏2 =

σb̃2

−5

10

𝑐

𝐶𝑝𝑐

0

10

precision pre-runs (Steps 1 and 2), the precision selection
(Step 3) and the final run (Step 4). The method exploits the
reconfiguration property of FPGAs to optimize precision.
Two different configuration bit-streams are used in the
process. Steps 1 and 2 use the same mixed-precision bitstream, which is able to draw MCMC samples in any of
the candidate precisions. Step 4 uses a different, optimizedprecision bit-stream, which draws samples only in the optimized precision (found by the previous steps). Step 3 runs
in software. Both bit-streams are taken from a library of
pre-compiled circuits (Section IV-E). The exact flow of the
method is the following:

𝐼˜𝑐

IV. O PTIMIZATION METHOD

A. User input

The goal of the optimization method is to choose the
most resource-efficient precision configuration 𝑐, out of a
user-defined set of candidate configurations, so that using
the custom-precision output estimator (5) introduces bias 𝑏𝑐
within a user-specified range. To do this, short FPGA preruns are performed for all candidate precisions and the bias
is estimated using the estimator of the previous section.
The optimization process requires some input from the
user and then follows four steps: The double- and custom-

Table I summarizes the input parameters. The user defines
a target 𝑆𝐷𝑇 for the standard deviation 𝜎𝐼˜𝑐 of the output
estimate (5), meaning that the final run will continue until
this standard deviation is reached. The standard deviation is
used instead of the variance because it is easier to interpret.
All standard deviations are approximated by performing
multiple MCMC runs (typically 50-100) with different random seeds (a run refers to such a set of multiple runs). Apart

184

𝑆𝐷𝑇
𝑇𝑏𝑖𝑎𝑠
𝑆
𝑇 𝑒𝑟𝑚%
𝑃 𝑟𝑚𝑖𝑛

precision probability evaluation blocks (unused in Step 1)
are sequentially plugged to the generic block in order to get
samples from every 𝑝𝑐 (x). An equal number of samples is
taken for each 𝑐. The double-precision block is now used
for a different purpose compared to Step 1. It computes all
sample probabilities in double precision and sends them to
the weight evaluator module to get the weights 𝑤𝑐 (x). The
samples and weights are sent to the host in DMA batches
until 𝑇 𝑒𝑟𝑚% ⋅ 𝑡𝑒𝑠𝑡 seconds have passed and ˜𝑏𝑐 and 𝜎˜𝑏𝑐 are
computed in the host for all precisions.

Table I
U SER PARAMETERS OF THE OPTIMIZATION METHOD
Target standard deviation in output estimate.
Bias threshold as a percentage of 𝑆𝐷𝑇 .
Set of candidate precisions.
Time available for Steps 1 and 2 as a percentage of 𝑡𝑒𝑠𝑡 .
Minimum probability to accept a precision. If the probability
that the absolute bias is smaller than 𝑆𝐷𝑇 ⋅ 𝑇𝑏𝑖𝑎𝑠 is higher
than 𝑃 𝑟𝑚𝑖𝑛 , the precision is acceptable.

from 𝑆𝐷𝑇 , the user also gives a threshold 𝑇𝑏𝑖𝑎𝑠 for the bias
they can tolerate as a percentage of 𝑆𝐷𝑇 (e.g. 𝑇𝑏𝑖𝑎𝑠 = 0.5
for bias tolerance equal to 50% of 𝑆𝐷𝑇 ). Together, 𝑆𝐷𝑇 and
𝑇𝑏𝑖𝑎𝑠 determine the bias threshold 𝑆𝐷𝑇 ⋅ 𝑇𝑏𝑖𝑎𝑠 , which is the
maximum absolute bias that can be tolerated. By changing
these parameters, the user trades off accuracy in the output
estimate for lower precision. The user also defines the set
of candidate precisions (𝑆) and the parameters 𝑇 𝑒𝑟𝑚% and
𝑃 𝑟𝑚𝑖𝑛 , which will be explained shortly.

C. Step 3: Selection (software)
Step 3 chooses the optimized precision based on the user’s
accuracy requirements. It runs in the host (Figure 5). Each
bias estimate is a Normal random variable (Section III-A)
with mean ˜𝑏𝑐 and standard deviation 𝜎˜𝑏𝑐 . The criterion to
accept a configuration 𝑐 is the probability that the absolute
value of its bias 𝑏𝑐 is smaller than the user-defined tolerance:
𝑝(−𝑆𝐷𝑇 ⋅ 𝑇𝑏𝑖𝑎𝑠 < 𝑏𝑐 < 𝑆𝐷𝑇 ⋅ 𝑇𝑏𝑖𝑎𝑠 )
= 𝑁𝐶𝐷𝐹 (𝑆𝐷𝑇 ⋅ 𝑇𝑏𝑖𝑎𝑠 , ˜𝑏𝑐 , 𝜎˜𝑏𝑐 )
−𝑁𝐶𝐷𝐹 (−𝑆𝐷𝑇 ⋅ 𝑇𝑏𝑖𝑎𝑠 , ˜𝑏𝑐 , 𝜎˜𝑏𝑐 )

B. Steps 1 and 2: Pre-runs (mixed-precision bit-stream)
The goal of the pre-runs is to estimate the bias for every
precision. A mixed-precision bit-stream is loaded on the
FPGA (Steps 1, 2 in Figure 5). It contains probability
evaluation blocks in all candidate precisions (𝑆) and in
double precision, a block which implements the generic
operations of the MCMC algorithm in double precision
(Section II-A) and a weight evaluation module in double
precision. Sampling with precision 𝑐 is done by plugging the
respective probability evaluation block to the generic block.
Step 1 consists of a short double-precision MCMC run,
which estimates how much time a double-precision FPGA
sampler would need to give an output estimate with standard
deviation equal to 𝑆𝐷𝑇 . This time is then used to find
how long the pre-runs can last without introducing a large
overhead to the final run. Step 1 lasts until the sampler converges. Samples are sent to the host PC in DMA batches and
the Gelman-Rubin diagnostic (popular in MCMC literature
[2]) is used after each batch to detect convergence. After
sampling stops, if 𝑁𝑝𝑟𝑒 samples have been taken and the
measured standard deviation in the output estimate is 𝑆𝐷𝑝𝑟𝑒 ,

where 𝑁𝐶𝐷𝐹 (𝑥, 𝜇, 𝜎) is the value in 𝑥 of a Normal cumulative density function with mean 𝜇 and standard deviation
𝜎. If the probability in (15) is larger than a user-defined
value 𝑃 𝑟𝑚𝑖𝑛 (e.g. 𝑃 𝑟𝑚𝑖𝑛 = 0.95), the bias is very likely to
be within tolerance and thus the configuration is accepted.
Otherwise, the bias is considered too large. The lowest
precision to pass this test is chosen as the optimized one. If
no precision passes the test, double-precision is chosen. The
optimized precision might not always be the optimal one, as
will be demonstrated in Section VI.
D. Step 4: Final runs (optimized-precision bit-stream)
After Step 3, a second configuration bit-stream is selected
from the pre-compiled library and loaded. It contains probability evaluation blocks only in the optimized precision and
a generic MCMC block (Figure 5 (right)). The throughput
of this sampler is higher than Step 2 samplers, since the
FPGA resources previously used for the various candidate
precisions are now available. The final MCMC run starts and
lasts until 𝑆𝐷𝑇 is reached. The resulting estimate is biased
within tolerance (guaranteed with probability 𝑃 𝑟𝑚𝑖𝑛 ).

𝑆𝐷 2

the samples needed to reach 𝑆𝐷𝑇 are 𝑁𝑇 = 𝑁𝑝𝑟𝑒 𝑆𝐷𝑝𝑟𝑒
2 ,
𝑇
1
√
since standard deviation drops with 𝑁 (see (3)). A doubleprecision run would thus need 𝑡𝑒𝑠𝑡 seconds to reach 𝑆𝐷𝑇 :
𝑡𝑒𝑠𝑡 =

𝑁𝑇
𝑇 𝐻𝑑𝑝

(15)

E. Pre-compiled bit-stream library
The method assumes that a library of pre-compiled bitstreams has been generated off-line, containing different
versions of the two bit-streams used during optimization.
This is a realistic assumption, since the bit-streams are reusable (i.e. the same 𝑝(x) is often sampled in different
problems and settings). Because it is difficult to include a
mixed-precision bit-stream for every possible combination
of candidate precisions 𝑆, an alternative is to include only
some common combinations in the library. Full utilization of
the targeted FPGA’s resources is assumed for all bit-streams.

(14)

Here, 𝑇 𝐻𝑑𝑝 is the throughput (in samples/sec) of a doubleprecision sampler utilizing the whole FPGA (known). The
available time for Steps 1 and 2 is 5% or 10% of 𝑡𝑒𝑠𝑡 (defined
by user parameter 𝑇 𝑒𝑟𝑚% , e.g. 𝑇 𝑒𝑟𝑚% = 0.05).
After the available time for pre-runs is known, Step 2
starts. It estimates the bias ˜𝑏𝑐 introduced in the output
estimate by each candidate precision configuration, as well
as the standard deviation of the bias 𝜎˜𝑏𝑐 . The two quantities are given by (8) and (13) respectively. The custom-
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Figure 5. Optimization method flow: Steps 1,2 (mixed-precision FPGA bit-stream), 3 (software) and 4 (optimized-precision FPGA bit-stream) are shown.
During Step 1, the double-precision module is used to draw MCMC samples. During Step 2, it evaluates the probabilities of all generated samples, which
are used for weight evaluations. Grey-colored blocks (Step 1) are unused. The top part of the figure shows the information passed by each step to the next.

uniform. The data are simulated using 𝜇 = (−3, 0, 3, 6). The
100
∏
𝑝(𝑑𝑗 ∣𝜇). The posterior
likelihood of the data is 𝑝(d∣𝜇) =

F. Discussion
Taking into account the shape of 𝑝(x) and 𝑓 (x), the
accuracy parameters 𝑆𝐷𝑇 and 𝑇𝑏𝑖𝑎𝑠 , the required certainty
that the bias is within tolerance (𝑃 𝑟𝑚𝑖𝑛 ) and the tolerable
pre-run overhead (𝑇 𝑒𝑟𝑚% ), the method can tailor the precision to the targeted problem only, as well as to the specific
requirements of the user. It does not attempt to cover every
possible output estimate related to the sampled distribution.
For example, when a particular 𝑓 (x) has high values only in
areas where precision slightly affects the value of 𝑝(x), the
output estimate is likely to be robust to decreasing precision
and the method exploits this to achieve resource savings.

𝑗=1

distribution of 𝜇 (sampled by MCMC) is:
𝑝(𝜇∣d) ∝ 𝑝(d∣𝜇)𝑝(𝜇)
B. Neural network inference

Neural networks (NNs) are universal function approximators [1]. Bayesian inference is one of the methods used to
train NNs. Here, an example from [1] is used: Input data
𝐷𝑖𝑛 = x1:200 with x𝑡 = (1, −10 + 𝑡 ∗ .1) and output data
𝐷𝑜𝑢𝑡 = 𝑦1:200 with 𝑦𝑡 = 𝑓 (x𝑡 ) + 𝜖𝑡 are generated, where
𝜖𝑡 ∼ 𝑁 (0, 𝜎 2 ) for 𝑡 ∈ {1, ..., 𝑛} is noise. The function 𝑓 (⋅ )
is unknown and is approximated by a 2-2-1 NN:

V. C ASE STUDIES AND MCMC METHOD
Two Bayesian inference problems are used for evaluation. The particular case studies are representative of the
distributions normally targeted by MCMC, both in terms of
the types of arithmetic operators used, as well as the form
of data-parallelism they incorporate. The Parallel Tempering
(PT) MCMC algorithm [1] is employed to sample from
the distributions. PT runs a population of Markov chains
in parallel (here, 128 chains are used) to improve sampling
efficiency. PT’s inherent parallelism and the data-parallelism
mentioned above mean that many 𝑝(x) evaluations can happen in parallel. The amount of computations is large enough
to fully utilize FPGA resources even for low precisions.

𝑗=2
∑
′
𝛽𝑗 𝜓(x𝑡 𝛾𝑗 )
𝑓˜(x𝑡 ) =

where 𝛽𝑗 ∈ ℜ and 𝛾𝑗 ∈ ℜ2 are the connection weights of the
network. The activation function 𝜓(𝑧) is a 𝑡𝑎𝑛ℎ function.
The model can be viewed as a non-linear regression model,
where the aim is to infer the unknown 𝛽1:2 and 𝛾1:2 and
the variance 𝜎 2 of the noise. The prior distributions are
described in [1]. The data are simulated using 𝛾1 = (2, −1),
𝛾2 = (1, 1.5), 𝛽1 = 20, 𝛽2 = 10, 𝜎 = .1. The log-posterior
distribution (sampled by MCMC) is given by (19), where 𝜈,
𝛿, 𝜎𝛽 and 𝜎𝛾 are all constants [1].
𝑙𝑜𝑔𝑝(𝛽1:2 , 𝛾1:2 , 𝜎 −2 ∣𝐷𝑖𝑛 , 𝐷𝑜𝑢𝑡 ) ∝ −(100 + 𝜈 − 1)𝑙𝑜𝑔(𝜎 2 )
2
2
∑
∑
[𝑦𝑡 −
𝛽𝑗 𝜓(x′ 𝑡 𝛾𝑗 )]2 }
− 2𝜎1 2 {2𝛿 +

Mixture models (MMs) are a family of models heavily
used in machine learning [2]. Here, a Gaussian MM from
[9] is used: A set of 100 independent data d = 𝑑1:100 with
𝑑𝑞 ∈ ℜ is given. Each datum is distributed according to:
𝑝(𝑑𝑞 ∣𝜇1:4 , 𝜎1:4 , 𝑤1:4 ) =

𝑖=1

𝑤𝑖 𝑓 (𝑑𝑞 ∣𝜇𝑖 , 𝜎𝑖 )

(18)

𝑗=1

A. Mixture model inference

4
∑

(17)

−

(16)

2
∑

𝑗=1

𝛽𝑗2
2
2𝜎𝛽

𝑡=1
2
∑

−

𝑗=1

2
∑

𝑗=1 𝑖=1

2
𝛾𝑖𝑗
2𝜎𝛾2

(19)

VI. E VALUATION

where 𝑓 is the density of a univariate normal distribution and
𝜇1:4 , 𝜎1:4 and 𝑤1:4 are model parameters. Taking 𝜎𝑖 = 0.55
and 𝑤𝑖 = 1/4 for 𝑖 ∈ {1, ..., 𝑘}, the goal is to sample from
the posterior distribution of the means 𝜇1:4 (given the data
d), which is unknown. The prior distribution of 𝜇 (𝑝(𝜇)) is

A Xilinx ML605 board, which contains a Xilinx Virtex6 LX240T FPGA was used for evaluation. The card was
connected to a host PC containing an Intel i5-650 CPU and
running Linux. The RIFFA PCI-Express framework [10] was
used for communication with the host. A double buffering
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Figure 6. Plotted lines show the resource utilization of a single probability evaluation block which implements the MM posterior for different
precisions (exp.bits are 8, except for double precision, where they are 11).
The generic MCMC block’s resources are also shown (double precision).
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architecture with BRAM buffers was implemented on top of
RIFFA to avoid halting runs. The sustained FPGA-to-host
data transfer throughput was 170 MB/sec (one PCI-Express
lane). A C script on the host side handled all software
operations and the communication with the FPGA (using
RIFFA’s software functions). Hardware implementations of
the pre- and final-run systems were written in VHDL, using
floating point operators generated by FloPoCo [11] and the
generic PT MCMC block presented in [12]. All designs ran
on a single 125 MHz clock (RIFFA default) and fully utilized
the FPGA’s resources. All results are post place and route.
Figure 6 shows the resource utilization of a single probability evaluation block for different precisions (MM case
study). Large savings are possible by reducing precision,
allowing for the instantiation of more parallel blocks. The
resource utilization of a generic MCMC block is also shown.
Figures 7 and 8 show Steps 2 and 3 of the optimization
process for one of the possible output estimates in the
MM case study (2nd moment of 𝜇1 ). The target standard
deviation was set to 𝑆𝐷𝑇 = 0.02 and the bias tolerance to 𝑇𝑏𝑖𝑎𝑠 = 0.5. Six candidate precisions were used
(𝑆 = {(8, 23), (8, 19), (8, 15), (8, 13), (8, 11),(8, 9)}). Figure 7 shows the bias estimates for three of these precisions.
Both the bias and its standard deviation increase with lower
precisions. The figure also shows that Step 2 terminates after
around 8.5⋅105 samples to limit the pre-runs’ overhead. This
number comes from the preceding Step 1 (not shown in the
figure), when setting 𝑇 𝑒𝑟𝑚% = 0.05. Figure 8 shows the
precision selection procedure (Step 3), using 𝑃 𝑟𝑚𝑖𝑛 = 0.95.
The probability that a bias is within tolerance (see (15))
converges to a certain value as more samples are drawn.
Few samples suffice to see if this value is acceptable for
high-precisions. More samples are needed for low precisions
(this is due to the high variance in the bias estimates for low
precisions, see Figure 3). The fluctuations of the probability
values are due to variance (the values are probabilistic
estimates). At termination, the lowest precision which gives
tolerable bias with 95% probability is 𝑐 = (8, 15). This is
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Figure 8. Step 3: Probability that the bias is within tolerance for five
precisions. The output estimate is the 2nd moment of 𝜇1 (MM case study).
Parameters are 𝑆𝐷𝑇 = 0.02, 𝑇𝑏𝑖𝑎𝑠 = 0.5, 𝑃 𝑟𝑚𝑖𝑛 = 0.95, 𝑇 𝑒𝑟𝑚% =
0.05. The optimized precision is 𝑐 = (8, 15).

chosen as the optimized precision, the respective optimizedprecision bit-stream is loaded and the final run starts. The
optimized precision is not always the optimal one in the
set 𝑆. If the pre-runs terminate too early because of a large
target 𝑆𝐷𝑇 or small 𝑇 𝑒𝑟𝑚% , a sub-optimal precision can be
chosen (e.g. if Step 2 terminates after 105 samples in Figure
8). This means a sub-optimal sampling throughput in the
final run. Nevertheless, the bias threshold is still guaranteed.
Table II lists the optimization and speedup results from
applying the method to both case studies, for different functions of interest and parameter combinations. 𝑆, 𝑇 𝑒𝑟𝑚% and
𝑃 𝑟𝑚𝑖𝑛 are the ones mentioned before. The 𝑆𝐷𝑇 values were
chosen to represent one to two decimal digits of accuracy in
the MCMC estimate and the chosen 𝑇𝑏𝑖𝑎𝑠 values give bias
thresholds smaller than one 𝑆𝐷𝑇 . All final runs lasted until
𝑆𝐷𝑇 was reached. Depending on the output estimate and
the parameters, the chosen precisions range from (8, 13) to
(8, 19). By targeting a specific output estimate each time and
taking into account the various user parameters, the precision
is highly optimized for the problem under investigation only.
To evaluate the achieved speedups, Step 1-4 runtimes were
measured, added and compared to the double-precision runtimes on the same FPGA. Comparisons to single-precision
designs are also included, although double-precision is the
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Table II
O PTIMIZATION RESULTS FOR VARIOUS ESTIMATES AND USER PARAMETERS FROM THE M IXTURE M ODEL (MM) AND THE N EURAL N ETWORK (NN)
CASE STUDIES . I N ALL EXAMPLES : 𝑃 𝑟𝑚𝑖𝑛 = 0.95, 𝑇 𝑒𝑟𝑚% = 0.05 AND 𝑆 = {(8, 23), (8, 19), (8, 15), (8, 13), (8, 11), (8, 9)}.
Output estimate
SDT
Tbias Optimized
Pre-runs
overhead Speedup vs.DP Speedup
Speedup Speedup vs. GPGPU
precision
(% of total runtime) FPGA
vs.SP FPGA vs.SW
(128 chains) [9]
5 ⋅ 10−2 1
(8,13)
21.3%
4.48x
1.18x
246x
17.5x
Mean of 𝜇1 (MM) 5 ⋅ 10−2 0.5
(8,13)
22.0%
4.59x
1.20x
252x
18.0x
2 ⋅ 10−2 0.5
(8,15)
19.7%
4.10x
1.08x
225x
16.0x
1 ⋅ 10−1 1
(8,13)
24.1%
4.38x
1.15x
241x
17.2x
2nd moment of 𝜇1
1 ⋅ 10−1 0.5
(8,13)
21.1%
4.23x
1.12x
233x
16.6x
(MM)
5 ⋅ 10−2 0.5
(8,15)
22.6%
4.05x
1.06x
223x
15.9x
2 ⋅ 10−1 0.5
(8,13)
18.9%
4.95x
1.42x
440x
Mean of 𝛽1 (NN)
5 ⋅ 10−2 0.5
(8,13)
21.4%
5.02x
1.45x
446x
2nd moment of 𝛾10 2 ⋅ 10−1 0.5
(8,15)
20.1%
4.76x
1.38x
423x
(NN)
2 ⋅ 10−2 0.25
(8,19)
21.6%
3.57x
1.03x
317x
-

extending the methodology to fixed-point arithmetic and
comparing it to the method of [7] (applied to MCMC).
4.5
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Figure 9. Speedup scaling with 𝑆𝐷𝑇 and 𝑇𝑏𝑖𝑎𝑠 . The output estimate is
the mean of 𝜇1 (MM case study). 𝑃 𝑟𝑚𝑖𝑛 = 0.95, 𝑇 𝑒𝑟𝑚% = 0.05.

default approach in MCMC (due to the generally unknown robustness of output estimates to reduced precision).
The table also includes comparisons to the performance
of double-precision C++ implementations on a PC with
an Intel i5-650 CPU (for both examples) and a singleprecision CUDA implementation on an Nvidia GTX280
GPGPU [9] (only for the MM example). The software
implementations did not exploit parallelism. The speedups
of the optimized-precision samplers over double-precision
and single-precision FPGA samplers (including pre-runs)
are 3.57x-5.02x and 1.03x-1.45x respectively. The speedup
compared to software ranges from 223x to 446x. The FPGA
also out-performs the GPGPU by up to 18 times when 128
parallel tempering chains are employed.
Finally, Figure 9 shows how the speedup over a doubleprecision FPGA sampler scales with the choice of accuracy
parameters 𝑆𝐷𝑇 and 𝑇𝑏𝑖𝑎𝑠 . The precisions are between
(8, 13) and (8, 19) and 3.50x-4.59x speedups are achieved.
VII. C ONCLUSION
This paper presents an automated method that exploits the
reconfigurable nature of FPGAs to minimize the arithmetic
precision of any FPGA-mapped MCMC sampler, while
guaranteeing a user-constrained bias in the output. The
method uses an efficient bias estimator, which is proposed
here. Results show that significant speedups over doubleprecision designs are achieved. Future work will focus on
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